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Morava K -theory rings for the groups Gsg,::-,G4; of order 32

by

MALKHAZ BAKURADZE AND MAMUKA JIBLADZ]#<

Abstract

B. Schuster [19] proved that the mod 2 Morava K-theory K(s)*(BG) is
evenly generated for all groups G of order 32. For the four groups G of order
32 with the numbers 38, 39, 40 and 41 in the Hall-Senior list [11], the ring
K(2)*(BG) has been shown to be generated as a K (2)*-module by transferred
Euler classes. In this paper, we show this for arbitrary s and compute the ring
structure of K(s)*(BG). Namely, we show that K(s)*(BG) is the quotient of
a polynomial ring in 6 variables over K (s)*(pt) by an ideal for which we list
explicit generators.
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1. Introduction and Statements

Let K(s)*, s > 1, be the s-th Morava K-theory at 2. In this paper we compute
the ring structure of K(s)*(BG) for the four groups G = Gsg,...,G41 from the
Hall-Senior list [L1]], by showing that K(s)*(BG) is the quotient of a polynomial
ring K(s)*(pt)[a,b,c,x2,y2,T] by a certain ideal R for which we give explicit
generators.

A finite group G is said to be good [[12] if K(s)*(BG) is generated as a K(s)*-
module by transfers of Euler classes of complex representations. Special effort
was needed to find an example of a group not good in this sense [17]. For the
additive structure, the principal calculational tool is the Atiyah-Hirzebruch spectral
sequence [2| 3] and the Serre SS [17]. Even if the additive structure is calculated,
the multiplicative structure is still a delicate task. It is not always determined
by representation theory, i.e., G does not have exact Chern approximation in the
terminology of Strickland [29]. Also the presentation of K(s)*(BG) in terms of the
formal group law and splitting principle [16] is not always convenient. This clearly
indicates that the part of the relations which can be derived from the properties of
the transfer should play decisive role in determining the whole ring structure.
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grant DI/16/5-103/12 . Second author was supported by the STCU grant 5622 and Rustaveli
Foundation grant 09/23.
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In the current paper we will consider four groups G = Gsg,---,G4; of order
32 from the Hall-Senior list [11]. It is proved in [19] that K(s)*(BG) is evenly
generated and for s = 2 is generated by Euler classes and transferred Euler classes.
One consequence of our main theorem below is that this is true for any s. We obtain
generators for the ideal R above by using the formula for transferred Euler class
from [7] and follow a certain plan, which proved to be sufficient to handle the 2-
groups D, SD, 0D, Q [9], [6] and modular p-groups [4]. For a discussion of the
ring structure of all other groups of order 32 see [[19]], [20]].

Let G be one of the groups

Gss = (a,b,c | a* = p? =¢* = [a,b] = l,ecac™! = ac%,cbe”! = azb),
G3o = (a,b,c|a* =b* = ¢ = [a,b] = I,cac = a3 cbc = a®b?),
Gs = (a,b,c|a* =b* =1,c> =b2,[a,b] = 1,c 'ac = a3 ¢ 'be = a’b?),

G41 = (a,b,c | at = p* = &2 = [a,b] = 1l,cac = a’b%,cbe = azb).

Let H be the maximal abelian subgroup of index two (a,b,c?) = C4 x C, x C, for
G = G3g and (a,b) = C4 x C4 for all other cases. Let A, u and v denote complex
line bundles over BH . For H <1 G3g, let

A@) =i, u(b) = v(c*) = =1, A(b) = A(¢?) = u(a) = p(c?) = v(a) = v(b) = 1,

be the pullbacks of the canonical complex line bundles along the projections onto
the first, second and third factor of H respectively. For all other cases, let

A(a) = v(b) =i, A(b) = v(a) = 1,

be the pullbacks of the canonical complex line bundles along the projections onto
the first and second factor of H respectively.

The quotient of G by the center is isomorphic to C, x C, x C,. The projections
on the three factors induce three line bundles «, 8 and y respectively.

Let us denote Chern classes by

o Ci (IndI_GI()L)) for G = G39,G40
" | ei(IndG(v))  for G = Gig,Gar;

Ve (Indg(v)) for G = G39,G4o
YT i (Ind$)()  for G = Gag.Ga:

ci(@) for G = Gzs,G4
ci(aB) for G = G39,G4o;
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_ ci1(B) for G = G33,G39,Gao
61(06,3) for G = G41;

¢ = c1(y), for all cases.

Let Tr* : K(s)*(BH) — K(s)*(BG) be the transfer homomorphism [1]]
associated to the double covering p: BH — BG and let

T =Tr*(ci(M)ci(v)).

Note that by [14], K(s)*(pt) is the Laurent polynomial ring in one variable,
which is usually denoted in our situation by Fz[vs,vs_l], where I, is the field of 2
elements.

Our main result is the following

Theorem 1.1 Let G be one of the groups Gig,...,G41. Then
i) K(s)*(BG) = K(s)*[a,b,c,x2,y2,T]/ R, where the ideal R is generated by
a®, b%, %,

s—1 s—1
cletxi+vsy @2, cletyituy @ FyE,
i=1 i=1
ls—l ls—l
Ss__ni i—1 S _ni i—1
ala+xi+vey a® 2x3 ), bb+y1+vsy b¥Fy3 ),
i=1 i=1
s—1 ] - s—1 ) -
(c+x1+ vSZcz‘ X3 )b+ + USZbZ‘ T2y )+ TIT,
i=1 i=1
—1 1
S__ni i—1 s__ni i—1 s__
(c+y1+stcz 2y§ )(a+x1+v52a2 2x§ )—{—vsa2 T
i=1 i=1

s—1
S__~i i—1
T2+Tx1y1+xzy1(c+y1+vs2c2 293

i=1
s—1

+x1y2(c +x1 + stczs_zi 27,

i=1
s—1

T(a+x1+v, Y a® 253" + 0,02 xac + 1),

i=1
s—1

TO+y1+ stbzs_ziygi_l) +vsb¥ " 1yy(c 4+ x1), T, and
i=1
5 s a’+b*>+ac+ vsabczs_l for G = G39,G49,G41

vEX
s2
c?+ac G =Gsg
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a?+bc +vsabc? ' for G = Gag,Gay

v2y2 + (b2 + b G =G3o
b2+C2—|—bC G = Gy,
where
s—1_~s—1 a for G - G
X1 = vs(x2 + vsx1x3 )2 - 8
b+ ¢+ vs(be) G = G39,G40.Ga1;
C fOl‘ G = G39
s—1_ns—1 O G == G4()
yi=vs(2+vsy1y; >+
a+b+c+
vs(ab + be +ac)® ™ G = G33.Ga1.
ii) Some other relations are
a?c = ac?, b%c = bc?, xfA — a2 2 yfb =p2 T2

The rest of the paper is organized as follows. Section 2 presents some
preliminaries. In Section 3 we treat the representation theory of the groups under
consideration. In Section 4 we derive the relations of Theorem [[LIl Section 5 is
devoted to the most difficult part of the proof of Theorem [[LII Namely for each
of our groups (see Lemma 5.2l Lemma for G39, G49 and Lemma [5.4] Lemma
B.7 for Gzg, G41) we prove that certain monomials in a,b,c,x1,X2,y1,y2,T form a
basis of K(s)*(BG) as a free K(s)*-module. It follows c,a,b,x2,y2,T are K(s)*-
algebra generators as x; and y; are decomposable in these elements. Finally we
prove that the relations in Section 4 provide a complete set of defining relations.
For the reader’s convenience Section 6 discusses some papers on the subject.

2. Preliminaries

Let H <1 G be of index 2. Consider the double covering 7 : BH — BG. Let
Try=Tr*(H,G):K(s)*(BH) — K(s)*(BG)

be the associated transfer homomorphism induced by the stable transfer map [,
[L5]], [10]]. We will need the following transfer formula from [7]].

Let § — BH be a complex line bundle and &, = In dg (&) be its Atiyah transfer.
Then

s—1

c1En) = c1(¥) +vs Y 1) P et + Trie (). (1)

i=1
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where Y — BG is the pullback of the canonical line bundle over BZ /2 along the
map BG — BZ/2 classifying n.
Let

Y= Cl(k) for G = G39,G40
N Cl(l)) for G = G38,G41

and

c1(A) for G = G33,G4
V=
Cl(l)) for G = G39,G40.

For the Chern classes u, v and Tr* = Tr*(H,G) the formula (1) implies

s—1
Tr*(u)=c+x + USZCZLZZ x%l_l 2)
i=1
and
s—1 ) -
Tr*(v) =c+ yi + vSZcz‘ 2y 3)

i=1
One has the following approximation formula for the formal group law in
Morava K-theory ([9]], Lemma 2.2 ii)).

F(x.y) = x +y + 0,0(v5.x.9)> @)
where ®(vyx,y) = Xy +v;(x3)% " (x + ) modulo (xy)*” (x + y)*.

We also will need the following

Lemma 2.1 The tensor square of a complex plane vector bundle  has the following
total Chern class C({®?) = (1 + ci(det))(1 + vscfs &)+ vszcgS ).

Proof: Use the splitting principle and write formally
{=6+6&
and
c1(§) =t1 + t2; c2(8) = ta.

We have that the i-th Chern class (i = 1,2,3,4) on the right hand side of the bundle
relation
E1+E)RE +6)=E+E& +26 06 )
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is the i-th elementary symmetric function in F(t1,t1), F(t2.12), F(t1,t2), F(t1,t2).
That is
¢i(8?) = 01 (F(t1.11). F(12.1) . F(11.12), F (t1.12)).

Hence we have for the first Chern class
(@) = w5t} + 513 =vsef (©).
For the second Chern class we have
2(8%) = vt vstd + F2(t1.12) = v2e3 () + c}(det?).
Similarly, the third and fourth Chern classes are
v + 13 F2(t2) = vse} (§)cF (det?)
and
vtf vsty F2(11.12) = 033" (§)cf (detd)

respectively. O

3. Bundle relations

Let us give some relations of bundles over BG we will need. We omit the proofs
since they are completely standard and easily follow from the definitions and from
Frobenius reciprocity of the transfer in complex K-theory.

Let p: BH — BG be the double covering p = p(H,G) and let A, = Indg (L)
andvy = 1In dg (v) in each of the four cases.

G= G33; H = (a,b,c2).

Determinants.
det(A) = aBy,det(v)) =« and

Restrictions.
i) p*a =A%, p*B =, p*y =1
i) p*Ay = A+ Ap, p*vy = v + A%v;

Product relations.
iii) BAr = A1, yAy = Ay

iv) avy = vy, yvr = vi;

v)(v)?=1+a+y+ay;
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vi) M2 =a +ay +af +afy.

The first relation of iv) suggests that vy should be also transferred from some
line bundle for the 2-covering corresponding to «. Namely we have

Lemma 3.1 Let A = (a,b,c) and let v’ be represented by v'(a%?) = 1, v'(b) = 1,
V'(e) =1i. Then Indg(v) = Indf(v’).
Similarly the second relation of iii) suggests
Lemma 3.2 Let B = (a,c) = (c¢) x (a) and let A" be represented by \'(a) = i,
A(c)=1. Then IndG(A) = Ind§ ().
G= G39, H = (a,b) = C4 X C4.
Determinants.
det(Ay) = By, det(vy) = y.
Restrictions.
) pra=2A%p* B =12 p*y=1;
i) p*Ar = A + 1302, p*uy = v + 13,
Product relations.
iil) afry = Ay, yAy = Ay;
iv) Bvy = vy, yvy = vy
V) (A)? =a+ B +ay+ By
vi) ) =1+ B +y +By.

The first relation of iv) suggests that vy should be also transferred from some
line bundle for the 2-covering corresponding . Namely we have

Lemma 3.3 Let B = (a,b?,c) and let V' be represented by v'(a) = 1, v'(b?) = —1,
V' (e) =1, Then Indg(v) = Indg(v’).
The second relation of iii) suggests

Lemma 3.4 Let AB = (a,ab.c) and let A’ be represented by A'(a%?) = —1,
A'(ab) =i, A'(¢) = 1. Then Ind5 () = Ind$z())).
G= G4(), H = (a,b) = C4 X C4.

G40 has the same character table as Gsg9. The only difference is in the
determinants of Ay and vy, while restrictions, products, and the two lemmas above

are the same.
det(Ay) = By, det(v) = 1.

G=Gy, H= (a,b) ~ Cy x Cy.
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Determinants.

det(M) = By, det(v) = afy.
Restrictions.

i) pra =A% p*B =12 p*y =1;

i) p*Ay = A + 4302, p*vy = v + A2,
Product relations.

iii) yA, = afr) = Ay;

iv) vy = yv = vy,

V) (M) =a+p+ay+By:

vi) () = B +ap + By +apy.
Lemma 3.5 We can replace the group Gao by G41 in Lemma
Also for vy one has
Lemma 3.6 v, = Ind$(v'), where A = (a%,b,c), and v'(a?) = 1, v'(b) = i,
V'(c) = 1.

4. Relations of Theorem [1.1]

Clearly the relations
a® =p¥ =% =0.
are immediate consequences of the bundle relations o> = 82 = y? = 1 for all cases.
The 4th and 5th relations follow from @) and (3)) respectively.

For the 6th relation

s—1

a(a—l—yl—i—sta 2 %l =0
i=1

consider the double covering p : BH — BG in each of the four cases and apply
formula () and Lemma 3.1} 3.3] 3.3 or 3.5l for G3g, G39, G40, or G41 respectively.
For example if G = G3g formula () and Lemma 3.1l imply that the second factor
of the relation is the transfer of ¢y (V')

s—1

Triei () = @+y +vg ) a?2y2 ).

i=1

Then aTr*(c1(v))) = Tr*(p*(a)c1 (V') =Tr*(0-¢c1(v')) =0. O
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Similarly for the 7th relation
s—1
K i i—1
bb+x1+vsy b Fx3 )=0
i=1
apply formula (I) and Lemma [3.2] 3.4] 3.4] or for Gsg, G39, Gag, or G4y
respectively. O

Now note that the 4th and 6th relations imply a?c = ac?, the first relations of
Theorem [L.1] ii). For this multiply the 4th relation by a and the 6th relation by c.
The sum of these terms equals a?c + ac? up to an invertible factor. Similarly the
5th and 7th relation imply b%c = bc?, the second relation of Theorem [ 1]ii).

For the decompositions of v x2 ,v2 y2 , (also for the formulas for x%Y and ylz'Y
of Theorem [[.1] ii) we need the material of Section 3. Namely we have to apply
Lemma [2.1] to all induced representations given in Section 3 and take into account
that their determinants can written in terms of the bundles «,8,y. For example for
G =Gasg

s—1 s—1
vzxg =c*+ac, xf =a* ¢?

and
2 25 2 251 2s _ 2S—l 25‘—1
vyy;, =a“+bc+vgabe” T, y7 =0 ¢

are the consequences of the product relations v) and vi). Let us prove the first two
relations. Equate Chern classes in the bundle relation of v). Then for the first Chern
classes we get

s s—1 s—1 s—1 s—1
vsxf =a+c+a+c+vsa2 c? =vsa2 cr .

For the decomposition of vszx%? apply the equation for the second Chern classes:
vzxg = cz(v,z) +ci(detv)?

=c(1+a+y+ay)+ci(@)? =ac+ (a+c)F(a,c)+a?

=2 +ac+vs(a+c)(ac)®”

=c?+ac

since a?c = ac?.
Note also
akel =0,b%c! =0,k +i > 2°. (6)

The 8th and 9th relations:

s—1 s—1

(C+X1+USZCZ 2y )(berlJrstb2 -2 2’ Y=, TH* 1,

i=1 i=1
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Proof: Let G = G3g. Consider the diagram

B (a,c2> — B{(a,c)

lpu lpﬁ (7)

B(a,b,c?>) —— BG.
Py

Then the left hand side of our relation is equal to

s—1
Try(u)(b+ y1 +vs szhzl y%lil) by transfer formula
i=1

=Tryw)Trg(c1 (1)) by Lemma[3.2]

=Try(u-pyTrg(c A)) by Frobenius reciprocity of the transfer
=Tr,;u-Tr;(p;,(v))) by the double coset formula and Lemma[3.2]
=Tr,(Tr;(p;,(uv))) by Frobenius reciprocity

=Try(uv- TrM(l))
—Tr*(uv vse? "1 (w))

=, Th> ! by the definitions of 8, u,and T. O

by the formula for 7'r* (1)

Similarly

s—1 s—1

(c—l—yl—i—stczs_zl 2~ )(a+xl+sta2 227N 4 Ta® 1,
i=1 i=1

Proof: Consider the diagram

B(a%,b,c?>) —— B(a%,b,c)

lp 22 lpa (8)

B(a,b,c?) ——  BG.
Py

With this notation the left hand side of the above relation is equal to

Try)Try(c1(v') by Lemma[3.1]and formula (D)
=Try(v-p;Try(c1(v))) by Frobenius reciprocity of the transfer
=Tr;(v-Tri,(p;2(u))) by the double coset formula and Lemma[3.1]
=Tr,(Tr(p52(uv))) by Frobenius reciprocity

=Try(uv- Tr/’{z(l))

=Tr}(uv-vee? ~1(2?)) by the formula for 7'r*(1)

= vy Ta2A -1 by the definitions of @, A, and 7. [
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For the other cases of G the proof is analogous. We just have to apply Lemma
B.3]and Lemma[3.4for G = G39 or G49, and Lemma[3.3]and Lemma 3.6l for G4;.

The same applies to 11th and 12th relations and may be proved for all four
groups simultaneously. In each case we will arrive at

s—1
i i .
T(a+x;+ stazA X2 = 0@ I (uPv)
i=1

or
s—1

T(b+y1+vsy b2 72p2 ) = v b? 7' Tr* ).
i=1
Therefore we will need that for the involution t € C, = G/H one has by Frobenius
reciprocity
i) Tr*(u?v) = Tr*(uv(u + tu) —vutu)) = Tr*(uv)x; — Tr*(v)xs,
i) Tr*(uv?) = Tr*(uv(v +tv) —uvtv)) = Tr*uv)y; — Tr*(u)y,.

Here are the details for G = G3g. Apply again the diagram (&)).

s—1

T(a+x; + vSZazs_zl x%l_l)

i=1

=Tryuv)Try(ci(v')) by Lemma [3.1land formula (TJ)
=Try(uv-p,Try(c1(v)) by Frobenius reciprocity of the transfer
= Trl’,k (uv-Trs(p32w))) by the double coset formula and Lemma [3.1]
=Try(Tri(p;2(u?v))) by Frobenius reciprocity
=Tr¥w?v-Tr¥ (1))
4 A2 *
_ Tr;,"(u2v ] vscf‘v_l(kz)) by the formula for 77" (1)
= vsT(uzv)azL1 by the definitions of & and A

and the above equality i) gives

s—1
T(a+x1+ stazx_zl x%l_l) +va® 1T x,
i=1
s—1
S_ S_~i i—1
+vsa® "lxa(c + v+ stc2 2 y% ) =0.

i=1

Then the second summand is zero by the 6th relation. The third summand is equal
to vga® ~1x5(c + y1) by (@). This gives the 11th relation.
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Similarly, applying the diagram (7)) and the above equality ii) we have

s—1 s—1
T(h+y1+vs szs_zl x%l_l )—l—bzs_1 Ty, +b2s_1y2(c+X1 +vg Zczs_zl x%l_l) =0.
i=1 i=1

Again the second summand is zero by the 7th relation and the third summand is
equal to b2 "1y, (c + x;) and we get the 12th relation. O
The relation ¢T = 0 is easy.
Proof: ¢T =cTry(uv)=Tr;mvy*(c)) =Tryuv-0) =0. O
Now let us prove the 10th relation.

Proof: Letu’ =tu and v/ =tv beas aboveand 7Tr* = Tr;f. Then

Tr*wv)+Tr*wv)=Tr*(u@+v"))=Tr*w)Tr*(v),
Tr*wv)Tr*(uv') = Tr*(uv(uv’ + u'v))
= Tr*w?vv’) + Tr**uu') = Tr*@?)y, + Tr*(v?)x,.

Also

Tr*w?) =Tr*(uu +u') —uu') = Tr*(u)x; — Tr*(1)x,,
Tr*(v?) =Tr*(+v) —vv') = Tr*(v)y1 = Tr*(1)ya.

Now we apply these formulas and take into account Tr*(1)x; = Tr*(1)y; = 0.
This gives the quadratic equation in 7' = T'ry (uv)

s—1
=T(c+x1+stc2S 2y )(c—l—yl—l—stc -2 2l D)
i=1 i=1
s—1 s—1
i i i—1
+x2y1(0+y1+stc —2 2 )+x1y2(c+x1+stc2 -2 % ).
i=1 i=1

Now to get the 10th relation apply ¢T = 0. O

The decompositions for x; and y; are the consequences of the formula @)
applied to the determinants of vy and A,.

We need (x1x2)2> > =0 and (y12)*" " = 0. It follows from the relations ii)
of Theoremﬂ]]that moreover we have (x1x2)2s = (n yz)zs = 0: decompositions
x? = (ac)®"" and y¥ = (bc)? ™" imply

xfa—xfc—xl bz—y1 b—y1 c—y1 a2 =0

. s S s
since a?c = ac?, b?c = bc? and a? =bh% =2 =0.
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That is, all the terms of the above decomposition of x2" annihilate x?*. Similarly
for y; and y,. Itis also clear that for computing the Euler classes of the determinants
(see Section 3) in each case we need only the initial fragment of the formal group
law F(x.y) = x + y + vg(xy)2" .

For instance consider Gsg: det (A1) = afy, C(M) =14+ y1+y2,a =e(a), b =
e(B),c =e(y),hence e(detr)) = F(a,F(b,c)) =a+b+c+vs(ab+ac ~|—bc)2H .

For G4; we have different a and b, but det(A)) = By = a(af)y, hence
e(det(h)) = F(a,F(b,c)) as for Gss. O

5. Invariants

Leta, B, A, v, A1, v be as above. We need the action of the involutiont € G/H = C,
on K(s)*(BH). For simplicity we will ignore the powers of vs. Also we will
denote the restrictions of the generators of Theorem to K(s)*(BH) with the
same symbols but with bars.

Lemma 5.1 Let G = G39,Gy49. Then
t(u) —u + uzs + UZS + (uv)zs—l + u25—1(1+ZS) + uzs—l v22s—];
t(v) = v+ 02 4027 0+,

Proof: We need the action of the involution on bundles in Section 3.

t(A) =212 =2)3 t(v) = v =v()2.

Note that the initial segment of the formal group law suffices. Namely as A4 = v* =

1 we can apply the formula F(y,z) = y +z + (yz)zs_1 modulo z2*¢7" (see [8l],
Lemma 5.3)
t(u) = F(u,Fu?® v?))
—u + (u2_3 + vzé + (uv)22371) + uzsfl (uzb + v2‘)2571

—u+u? 0 o) T2 22
Similarly for v
1) = Fluw®) = v+ 02 402 1 0+29,

O

We recall that K(s)*(BH) = F,[vs,v; [u,v]/(u* ,v*"). This is because of

the Kiinneth isomorphisms, K(s)*(BC4 x BC4) = K(s5)*(BC4) ® K(s5)*(BCy),

whereas Morava K-theories for cyclic groups are the truncated polynomials [18].
So in particular K(s)*(BCs) = K(s)*[u]/u*".
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Then we have by definition, where bar is defined as in the first paragraph of this
section, that

F(uzj, 2y =y? 02 +(uv)223 "

@'l Q|

x1 =y + [(M) — uzs + vzs + (uv)22s71 + u2571(1+25) + M2S7] vzzsfl;
5 = ut(u) = uu +u? 02+ uo)2T p T2 42722,
Vi =v+1(v) = v 4027 A2,
V2 = vt(v) = v(v + 02 + 2 A2y,
T =uv +t(uv) = uv+
(u +u2s + vzs + (MU)ZZS?] +M2371 (1+2%) +u2571 v22s71 )(U + vzs + UZS71 (1+2s)).

Note that as u2> = v2> = 0 one has

-2 -25 _225 1 _ _22s71 _
X] =)V =X =) =0.

To describe all invariants we need the following
Lemma 5.2 Let G = G3g,Gag. Then
-1 _ 22

i) K(s)*(BH) is a free K(s)*(x_z,y_z)/(x_zzzs V2 ) module generated by
1,u,v,uv;

ii) K(s)*-rank of K(s)*(BH)? is 16° /2 4 4% /2 and a basis is
1) X'y uv,

2) %"y u, i,j =227 =2"in 1), 2);

3) x_2iy_2jv, ] > 223—1 _2s—l’.

s
4) ){zifzju + x_zl'y_zj_zs—l (x_zzs—l + y_22s—l Zy_222s—l_22s—k+2s—k_2s—l
k=1
— 22_) -2 _ 22S 2

+X2 Vs )U, i< 22s—1 _2s—1’ ] > 2s—1’.

_ 228‘ l_22§‘ k+2v k_zs‘ 1 — 25— 1 ‘+22S—l_2.&‘—1
5) X' Yo w4 yzf(z Y+ V2! uv,
k=1
i > 22s—1 _25‘—1’ ] < 2s—1,.

6)X2 y2 u+x2 yzj(z —22Y 1 22Y ]\_,’_2; —k _os— l)v’
k=1

i > 22S—1 _2S—1 2S—1 < ] < 225—1 _25_1‘

7) x_ziy_zj;

ij <25 in 1)-7),
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iii) There is a decomposition of K(s)*(BH) into free and trivial C, modules,
such that a basis for the trivial module is X»' y»/ , axy' y»/ i <25,j <2571,

iv) K(s)*(BG) is generated by c,a,b,x2,y2,T as a K(s)*-algebra.
Proof: i) It suffices to prove that {35’ y,'} x {1,u,v,uv}, i,j < 2>~ !isa K(s)*
generating set. Clearly it will be a K(s)* basis by its number of elements. Any
polynomial in u,v can be uniquely written as fo+ fiu+ v+ fsuv, fi = fi(x2,)2)
as follows. Because u? = ux; — x, and v?> = vy; — y, any polynomial in u,v can
be uniquely written as go + g1u + g2v + g3uv where g; = g;(X1,1,X2,)2). But

=" ©)
This follows from the decomposition of y; of Theorem [L.1] as yzzzA '=0:
=02 2T R = 2 medulo TR = P
Similarly the decomposition of X; of Theorem [L.I]implies
a=b+0> 8% )6_222A -
=15+x_22$ RIS 2 moduloxzzzs 2x_222A -
=b+% +b* 1‘22” (as 52" =0).
Then
u? =ux 2 +Z 22 52 (10)

i=1

follows inductively from u? = uX; + X,. We can replace u,%; by v,y; in (I0) and

get (by inductive argument again) from v2 = vj; + y, and (9)

)

= K _ n2s—1 S—i_~2s—i _ n2s—1_~s—1

b= U2 — § y22 +2 2 + vy22 2 . (11)
i=1

Then by Theorem 1152 = y,2" and we get for x;

S
— _ ~s—1 —_ ~s—1 _ n2s—1_~n2s—i s—i_~s—1 _ 925—2 _ H2s—2 _ n2s—1_~ns—1
a=52" +n? Zyzz N Fuy,2 27!
i=1
_ (12)
ii) First let us write 7" in our basis. Note ¢ (u)t(v) = (X1 —u)(y1 —v) = X1 y1 —
X1v — y1u +uv and we have T = uv + t(uv) = X1y; —X1v — y1u. But

N
_ _ - 85— 1 _ 22s—1_22s—i +2s—i _2S—1 _ 22s -2 _ 22? -2 — 22.?—1_2s—1+1
av=002" 4+ E V2 +x2 2 YU+

i=1
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as v2 =vy,2" '+, and 7,2~ =0. Then (I2) and @) imply

_ — p5— 1 s N 1 - 223 1 22v [+2Y 1_25 1 - 223—2 - 22? -2 25— 1
= (X3 + > E + X2 )2

i=1

_22v 1 25 1 1
+ )2 +

(13)

_ ps— _2vl _22v122v1+2v1_2?1 _22v2_22v2
+(X2 —|—y2 E + X2 Y2 )U

s—1

+ yzz u.

Now let g = fo + fiu + fov + fauv, f; = fi(x2,y2) be an invariant, that is,
g € Ker(1+1t). Then

fiXi+ foy1+ T =0.

Taking into account the decompositions (12)), (@) and (I3) we have

f3 y_223—1 = 0, therefore

- - 1
f3x2 —fl 223 —25— 1’

_ zs—l P R - 5— 1 _ 22? 1 22v l+2§‘ i 95— 1 _ 22? -2 _ 22? -2
L2 =A@ 40 E +xX27 ).
i=1

(14)

Now by the third equation of (I4)) we have two possible cases:
a) f1 has a factor y_zzs_l and we can restore f> modulo summands of type 3). Also
f3 = 0 modulo summands of type 1). Therefore g is decomposable into sum of
elements of types 1), 3) 4, 7);
b) f1 annihilates xzzs that is f1 has a factor xz . Hence right hand
side of the third equation of (I4) has a factor y,> 2! and we can restore f> modulo
summands of type 3). Then by the second equation of (I4]) we can restore f3 modulo
summands of type 1). Hence g is decomposable into elements of types 1), 3), 5)(or
6)) and 7). If f; annihilates x'ZZS_I and y_22x—1 then by (I4) g is decomposable into
the monomials 1), 2), 3) and 7) of Lemma[3.2]

By Lemmal[3.2]i) the elements 1)-7) are independent, therefore they form a basis
(16°/2 + 4° /2 elements in total) for the invariants.

25 1_2s 1

iii) Consider now the decomposition [K(s)* (H)]? = (F)°2+ T, corresponding
to the decomposition of K(s)*(H) into free and trivial C,-modules.
Clearly the composition p*Tr* = 1+ ¢ is onto (F)“2. Also i) and the Frobenius
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reciprocity of the transfer implies /ImTr* C A, where A is the subalgebra in
K(s)*(BG) generated by c¢,a,b,x3,y,,T. Here we use the formulas @), (3) for
Tr*(u), Tr*(v) respectively and the decompositions of x; and y; of Theorem
We have to check whether the invariants in 7 are also covered by p*. Let
m = ys(F) and n = y;(T) be the K(s)*-Euler characteristics. Then

xs(H) =2m+n, )(5(H)C2 =m-+n.

Clearly 2m +n = 16* and by ii) m +n = 16°/2 4+ 4*/2. It follows that m =
16°/2—4%/2 and n = 4°.

Let us consider the invariants modulo /m(1 + ¢) and denote by Sk, k = 1,---,7,
the set of invariants of type k) of Lemma[5.2]ii) modulo /m (1 + t). First note that

S; C Sg,where Sg = {0 y»/ i <25,j <2571, (15)

that is except {x»' y»/,i <2%,j < 25~} all monomials of Lemma[5.2Jof type 7) = 0.
This is because by definition X1, y; = 0; By (9) y'zzs_] = y1 ; The decomposition of
%1 after @) implies X" = b2 = 0 as by Theorem[[.1152 = y,%' = y,2 =0.

Then by (I2)) one has

- 22371 _25'71

Vs v=x2"", hence S;C Ss. (16)

Also it follows all monomials of type 1) = 0, that is S; = {0} as )E%ZH =0.

(13) implies

N
_ as—1 — ns—1 _ 92s—1_~»2s5—i s—i_~s—1 _ As—1
P2 u=0" Yt Ty modulo i

i=1
hence S> C S3. Thus by (HEI) S C Ss.

Recall by definition 7 € Im(1+t). Also the first line in the decomposition
€ Im(1 +1) as it has factor )7223_1 = y;. Therefore if one denotes by 7' the sum of
second and third lines in (13)) one has

S
O = 7\; — (x_22S71 +y_22.y71 Zy_222s71_22571 48— _2.3‘71 +x_222sf2y_222s72)v +y_22s71 u.
i=1

Then the elements of Sy are X, y'zj 277 = 0; The same argument implies S¢ =

{0}. Now only the elements of S5 remain. It suffices to prove that the element of S5
obtained for i = 225~1 — 25! and j = 0 corresponds to a, that is

S
— _ 223—1_2S—1 _ 22S—1_2S—1 _ 22s—1_225—k zs—k_zs—l
a=x; U+ Xz ( E V2 + )v

k=1
_ 92s—1_ns _ A2s—1_~rs—1
+X22 2 y22 2 uv.
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First note
a=ux > (17)

Recall @ = u®' +v2' + (uv)>*'"'. Then (I0) implies u2' = ux; 2~ + XzZH.

Recall b = v?' and by (1) and (1]2]) xzzé "yh= O It suffices to see W) =o0.
(I0) also implies u2* ™" = x‘zz Slmllarly v2* ™" = y,2*7? | Then recall by @)
7,27 = 0 hence (uv)?*"" = 52 2 =0.

_ Now it follows (see the proof of (I2)) from x; = h+52 " 527 52" and
b? = y22 that

- _ 9S_ _ s s—1__
ux; 27 =ux; 62 2=ux1(X2 +7,2)? !

= —_ ns—1 _ — s s—1__ - 2s—2 , _ —_ s s—1
=ub +u52? )R + 7)Y T u(an)? (R ) !

=(ub +u2 )5 + )2 L
Now let

b +u® )R + )2 T = fo+ fiu+ fru+ fruv,

where f; are polynomials in %5, 7. Let us prove that f3 = 552" 2 y,2> 7' =27,
Then we will restore f1 and f, as above and complete the proof.
— »2s—1 s—1
To get f3 note that by (II) only the summand vy, ~2

tion of b is relevant. This gives

in the decomposi-

_22Y1 28‘1

_ _ 2? 25— 22&‘ 1 25 225‘—1_2‘&‘—1
uvys (5> ) V2

= UVvXy

and proves our claim for f3. Then by (14)

N
_ 223 1_2.3 1 _ 223 1_23 1 _ 22S71_22S7j +2S7j _2571
fi=x2 2= E Y2

j=1

modulo %% y,!, 1 > 251, which are elements of Im(1+1). Hencea = fiu+ fov+
f3uv = the element of Ss with i = 22571 — 2571 and j = 0. After multiplying by
)c'zi)sz, i <25, <251 we get ax'ziy'zj modulo /m(1 4+ t) (still elements of Ss).

iv) Consider the Serre spectral sequence for the extension 1| - H — G —
G/H — 1. Thenas G/H =C,

E, = H*(Co,K(s)*(BH)) =2 F2 & T @ H*(C2.F,),

where K(s)*(BH) = F & T is the decomposition into free and trivial modules.
As in iii) let A be the subalgebra of K(s)*(BG) generated by c¢,a,b,x2,y>,T.
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Then iii) says that the restriction p* : A — [K(s)*(BH)]? is onto. p*(c) = 0
by definition. Hence all invariants are permanent cycles and there is only one
differential dys+1_;(t) = vst2". Since 12 is represented by ¢ one obtains that
c,a,b,x3,y,,T are K(s)*-algebra generators of K(s)*(BG) and its K(s)*-rank
equals xs(F @ T ®@Fa[c]/c?’) = (165 —4%)/2 + 4525 = 165/2 + 8 —45/2 as
it is already known from [19].

This completes the proof. O

Lemma 5.3 Let G = G3g,Gg41. Then
t(u) —u + vz? + uzs—l sz.&‘—l;

t)=v+b+0v¥ 'H2,

Proof: Recall the action of the involution on bundles in Section 3. For Gsg
t(A) = Ap, t(v) =A%

and for G4
t(A) = Ap*(@B), t(v) = A 2.

Since A* = u? = (aB)? = 1 again we need only the initial segment of the formal
group law. O

Recall that H is isomorphic to C4 x C; x C, for G = G3g and to C4 x Cy4 for
G = G4;. Again by the Kiinneth isomorphism we have that as a K(s)*-algebra

K(5)*(BGa1) = K(s)*[u,v]/* ,v*)

and
K($)*(BGag) = K(s)*[u,v,w]/@* ,v*" ,w?),

where w = ¢ (u) is invariant under action of G/H = C,.
Then we have by definition

X =u+t) =0 +u2 02

X =ut(u) =u(u +v¥ +u? 027,
Ni=v41@)=b+v?H7

Vo =vi(v) =v(v+b+v2 H2T);

and as T = uv + 1 (uv) = uv + (1 +u)(y; + v) we have

T=x"1y_1+x_1v+y_1u. (18)

Now to describe all invariants and see that K(s)*(BG) restricts onto
K(s)*(BH)2, we turn to the following
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Lemma 5.4 i) Let G = G33,G41 and let x® = X1/ y1/ 55Kyt i, j <25, k1 <2571,
Then the set x®,x®u,x®v,x?uv is a K(s)* basis in K(s)*(BH).

ii) K(s)*-rank of K(s)*(BH )2 is 16°/2 4 4% /2 and a basis is

)5y kst i <25 k0 <2571

2) 52 " 2 ek lu, k1 < 2571;

3) a2y x_zky_zlu x_liyl lx_zkyz v, i <25 k,il<2571;

4) X1 ylfxz V2 My + x5t Ly /= 15,k y2v i,j—1<25—1,kl <2571

iii) The set xzy'z, axzyz, bxzy'z, abxzyz, i,j <257 restricts to a K(s)* basis
in the trivial summand T of the C; module K(s)*(H).
iv) K(s)*(BG) is generated by c,a,b,x5,y>,T as a K(s)*-algebra.

Proof: 1) As in Lemma [3.2li) any polynomial g(u,v) can be uniquely written as

go+ glu + g2v + g3uv where g; = gi (X1,y1,X2,)2). Then by Theorem-xzzs ],
7,27 can be expressed by 1, 1.a,b. Now

— - — s—1 _~s—1 _ s—1 _ »s—1
Yi=u+Fua)=ut+u+a+u*> a*> =a+u®> x?

and we get
— - - 9S_ _ _ 9S_ni _ »ni—1
a=x;+x12 1u+2x12 252 (19)
i=1
ZS

Similarly y; = b+ v2' 5,2 implies

b=n+n?v+Y 72 PR (20)

i=1
Because of nilpotence of X7 and y; substituting @ and b in g(u,v) we arrive at i)
after finite number of steps.
ii) Let
g = fo+ fiu+ fov+ fzuv, fi = fi(X1,Y1X2,)2)
be an invariant, that is, g € Ker(1 + t). Then by (I8)

fix1+ oy + AT = fixi + foyn + 56000 + X0+ yu) =0

and we get
f3x1 = f31=0; fix1 = o). (21

Now i) implies ii).
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iii) Let us look at invariants modulo 1 + ¢: The invariants of Lemma[5.4] 1) with
i,j > 0 are zero as X1,y € Im(1 +t); Invariants of 4) are all zero as by (18]

xX1v+yu € Im(l+1). 22)

By the same argument invariants of 3) are zero except X or y; are omitted, that is
except X1 zsv_lx'zk y‘zl U, yi 23—1x—2k y'zl v. This completes the basis invariants of F¢2
because of the total number 16%/2 — 4% /2 (see the proof of Lemma[3.2] iii).

Thus the invariants of 2) are all nonzero. Then we have that the basis invariants
corresponding to 7 are as follows:
x'ziy'zj is resticted x;yg, i,j <2571 and modulo 1 + ¢
%12 717 yo/ u is restricted axéy{ by (19);
y12 715!y v is restricted bxl yJ by 20);
X127 2 %y fu s restricted abxéy{ by ([19), @0) and @22).

iv) This is the consequence of the arguments similar to that of Lemma[5.2]iv).

O

Remark 5.5. Of course there are alternative bases for K(s)*(BH). For instance
Lemmal5.2li) is also true for G = G41; For G = G3g,G4; an alternative K *(s)-basis
is X® X®u, X®v, X®uv, where X© = X1 007 yo*, i <25, j <2271 |k <2571,

End of the proof

By Lemmal[5.2]iv) and Lemma[5.4]iv) we have that ¢,a,b,x2,y,,T is a complete set
of K(s)* algebra generators of K(s)*(BG). Now we want to verify that for all our
groups the defining relations of Theorem give us a ring of Euler characteristic
already computed in [19] y,,. = 16°/2+ 8% —4°/2. For each of our groups, one can
choose a basis for K(s)*(BG). Lemmal[3.2]ii) suggests the following

Lemma 5.6 A basis for K*(s)(BG), G = G39,G49 Is

byl <2271y

{axiy]li <25,j <2571},

(bxiyl|i <2271 j <2571},

(Txbydli <2271 j < 257125 —1)};

{cixgyg, ciax§y§|0 <i<2%j <25 k<2571
Proof: One can work modulo ¢ and check that first four lines give a basis for
K*(BG)/kerp*, and then the last line forms a basis for kerp*, where p : BH —
BG.

Choose the lexicographic monomial ordering (Ip) corresponding to the variables
(a,T,b,ys2,x2,c) in that order. Then the first four lines constitute a Grobner basis
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of K(s) (BG)/kerp*. The last line, a Grobner basis of kerp*, is the union of
{c! xzyz,c axzyé‘ |0 <i < 2%—1}, abasis of kerp*(K(s)*(BG)/ImTr*, and
{c? _1x2 y2, c? _1ax2 y2} a basis of Tr*(T), the image of the trivial module 7
of Lemma iii) under the transfer homomorphism. For the last sentence recall
Tr*(1) = vge? 1.

Let us give the proof in the following steps and in this way explain the range
restrictions for indices.

Step 1. Any monomial of kerp* is decomposable into a sum of elements from
the last line of Lemma[5.6

cb : (as cb? = ¢2b the decomposition of cb’ will follow).
Multiply the decomposition of x; by ¢ and take into account the relation ¢ (c +x1 +
Y ¢2572 x$71) = 0 (note also hc2 = b2¢ implies c(be)? ' = 0). This gives the
decomposition of ¢b into the cl x{, 0<i<2%j< 25—, Namely

s—1
ch = c(xgs_l + Zczs_zl x%l_l). (23)

i=1

cx?: Multiply the decomposmon of x2 by c. As c? =0, a’c = ac? and
b%c = be? we have cx?’ = a%c + b%c +ac? = b%c = bc?. Then by we get

ex2 =22 +Zc 227, (24)

s—1
cy?": One has

25— 1 21 21 1 0, G - G39
c =c) c 25
v3 ; GG (25)

For this multiply the decomposition of y; of Theorem [L.Il by ¢ and apply the
relation c(c + y1 + vy Zf_iczv_zl 271 = 0.

Now as ca? = ¢2a and ¢ T = 0 we have proper decomposition for any monomial
having factor c.

Note one has

x%zs_l =ac? !, y%zs_l = czx_lxgx_l. (26)

This explains the range restrictions for the first line of the basis of Lemma 3.6

For this we need the decompositions of xgs and y%s of Theorem [L11

22.3 1 _( )23 1 _ 2.3_1
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Similarly
2s5—1 s—1 K s s—1
2 =(bc)* = b=,
For the last two equalities apply ch? = ¢2b and 23).
bxgm_1 : Multiply the first equation of 26)) by » and apply (23)). This gives

22S—1 251 2S—1
bx; =ac” x5 . (27)

Step 2.
b? : Rewrite the decomposition of y2° of Theorem [[Tand apply (23) to get the
proper decomposition

s — s i i—1
y3 +e(x3 +Zf—i P7x3 ), G =G

b2= S _ s i i—
y3 —|—cz—|—c(x2 Zf_} 2 ~2x2 Y, G =G

(28)

2 . By Theorem [T a® = x2° + b? + ac + abc?~'. By @3) abc? ! =

ac?'~1x2""" Taking into account (Z8) we get the proper decomposition

v3 +C(X§ - le—} 2 zl h, G =Gaog
¥+t + Zs 12 “2x27).G = Gu.

(29)
In the following we will work modulo ¢ in the ring R with lexicographic

ordering determined by variables (y1,x1,a,T,b,y2,x5,c¢) in that order and give the
decompositions in the above Grobner basis of K(s)*(BG)/kerp*.

Ky 5_ s—1
a* = x% +ac+ac? 1x§

by%S_l : Clearly we need the ideal I, generated by the following relations of
Theorem [Tt 5%°, b(b+y1 + Y Z1 %'~ -2 2' ) the decomposition of y; and 28]
modulo ¢. Then in the quotient ring R/ [, b y2 is decomposable into the elements
2}

ab : Let I be the ideal generated by the relations of /i, @29), a(a + x1 +

Y2122 527"y and decomposition of x; multiplied by a. This gives the
decomposmon of ab in R/, into the elements of the first three lines of our basis.

bT : Let I3 be generated by the relations of [, and
T+ y1 + vsd 3 b>~ —2! 2[ ") 4+ b2 =1y, (c + x1). Then bT is decomposable
in the quotient ring R/ 13 1nto the elements of the first and fourth lines of our basis.

T2 : Consider the ideal
s _ i i—1
Iy = (1_3,Tzl+ Txiyr + x2y1(c + y1 + Y021 ¢2 72 y3 ) + xiyale + x +
Yisie? 23,
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This gives a decomposition of T2 which is not yet the proper decomposition one
has terms Ty', i > (25 — 1)25~!. We will need the decomposition of Ty2™ ' ~2""
below to get the proper decomposition of T2 into elements of the first, third and
fourth lines of our basis.

aT : We need the ideal o
Is = (I, T(a+x1 + X210 72237 ) +a2 (e + ).
This gives the proper decomposition of a7 into the first and fourth lines of our basis.

ay? " : Take the ideal I = I 5+the decomposition of y1 multlphed by a and
the relation (¢ + y; + Y 321¢2 2 yi (@ + x1 + Zf_}azé ai ) +a® 1T
Again this gives a decomposition with terms 7y', i > (2% — 1)25_1. To get the
proper decomposition into the first, third and fourth lines of our theorem we need

the following decomposition of

Tygzx_zk1 : Finally put
Iy = (Ts.(c +x1+ 20> 2030+ y1 + Dimy b 293 +02 71T,
By the above decomposition of bT one has b¥’~1T = Ty2 s=271 £ the last

summand above. This is what we need for the decomposition of Ty%zx_zs_1 into
the third and fourth lines of our basis.

Finally note that the decomposition of ax%x already follows from the decompo-
sition of x2" of Theorem [[.Tland decompositions of ab and a?.

O
Similarly Lemma[5.4]ii) suggests the following

Lemma 5.7 A basis for K(s)*(BG), G = G3g,Ga1 is
{xly{xgyéh Jo<25k,1 <2571
{abx2y2|k,l <2571
{yiaxzyz, xibxkylli <25 k1 <2571y
{Tx’iylxzyzh Jj <23—1 <2571y
{cixlz‘yz, ct axzyz, ¢ bxzyz, ¢ abx2y2|0 <i <25kl <2571,

Let us give a sketch of the proof. Choose the lexicographic ordering correspond-
ing to (T,a,b,y,,x2,c) in that order. This eliminates @ and b (by decompositions of
x1 and y; of Theorem [LI). Then again we have to apply the relations of Theorem
and extract the following Grobner basis of K(s)*(BG)/kerp*:

{xi)ﬁ.xzh“ J <25k <2571y

gx‘ l+2ky2§‘ l+21|k l <2S 1}
{xzs 2t yiyh, xt x2y2 +2l|z <25k, <2571y

(Txiylxkyllij <25 —1.k1 <2571y,
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(here a is replaced by 2 and b by y2' in the first four lines of Lemma[5.7)
and a Grobner basis of kerp*

ik 1 i 257142k ik 25714l j 2s—link os—lol . s s—1
{c'x5y,5,¢' x5 yz,cxzy2 e x5 V5 0<i <2kl <27}

corresponding to the last line of Lemma[5.71

6. Remarks

The families of non-abelian p-groups whose Morava K -theory is known to be good
in the sense of Hopkins-Kuhn-Ravenel is listed in [19]. In particular, if G belongs
to any of the following families of p-groups, then K (1)°¢? (BG) = 0.

(a) wreath products of the form H ? C, with H good [12], [13];

(b) metacyclic p-groups [25];

(c) minimal non-abelian p-groups, i.e., groups all of whose maximal subgroups
are abelian [26];

(d) groups of p-rank 2 [27];

(e) elementary abelian by cyclic groups, i.e., the extensions V — G — C with
V elementary abelian and C cyclic [28]], [17]];

(f) central product of the form H o Cp,» with H good [19].

(g) H is anormal subgroup in G of index p, H is good and the integral Morava
K-theory K (s)(BH) is a permutation module for the action of G/H [17].

For these families the ring structure of K(s)*(BG) is either studied in the
works mentioned above or can be read off from previously performed computations
modulo some definite indeterminacy. Namely, Yagita and Tezuka determined the
multiplicative structure modulo the transfer formula (I)). On the other hand, our
main aim here is to check (at least for the groups with maximal abelian subgroup
of index 2) whether the transfer formula is sufficient to get the ring structure in
combination with the methods of characteristic classes and transfer (double coset
formula, etc.) The papers [3 4, 16} 9]] treat the same problem.

Schuster suggested an alternative way to obtain explicit relations by choosing
some artificial generators in the spectral sequence, not equal to Chern classes [[19,
23]).

There are 51 groups of order 32. The first 7 groups are abelian and the next 8
have an abelian factor, hence the task of computing the ring structure is reduced to
the smaller nonabelian groups. We refer the reader to [21} 22]] for some details. In
this paper, we carry out the complete details for the groups G in the Hall-Senior list
with the numbers 39,---,41
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